
Dirac and Feynman

Chapter 3: Boundary-Value Problems 
in Electrostatics: II
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Dirac said: “I understand what an 
equation means if I have a way of 
figuring out the characteristics of its 
solution without actually solving it.” 

A physical understanding is a completely 
un-mathematical, imprecise, and inexact 
thing, but absolutely necessary for a 
physicist. 

The Feynman Lectures on Physics II, 
Chap.2 
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The ϕ-dependence is isolated within this term, 
so this term must be a constant. Let it be −m2.

3.1 Laplace Equation in Spherical Coordinates

Dividing all terms by sin2θ, we see that the 
r-dependence is isolated within this term. So
this term must be a constant. Let it be ( 1).ν ν +
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3.1 Laplace Equation in Spherical Coordinates (continued)

 is to be determined
from the b.c.
m

 is to be determined
from the b.c.
ν
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Since  is determined
from the b.c. for (3.6), 
this is not an eigenvalue 
problem.

ν

3.1 Laplace Eq. in Spherical Coordinates (continued)

where each bracket represents a linear combination of the two
functions inside. Because the differential equation is linear, the linear
combination of any number of solutions is also a solution.

Note that ν and m are arbitrary constants until we apply boundary 
conditions. 
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     The solutions are: ( ) ( ) ( )
( ) :  Legendre function of the first kind

       
( ) :  Legendre funct

1 1             (3.9)1 1d du
dx dx

u x AP x BQ x
P x
Q x
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Legendre Equation :   

ion of the second kind
: Gradshteyn & Ryzhik, "Table of Integrals, Series, and  

                 Products," Chs. 7 & 8.
     : Abramowitz & Stegun, "Handbook of Mathematical 
        

     Ref. 1

Ref. 2





         Functions," Ch. 8.

3.2 Legendre Equation and Legendre Polynomials

     We will then deal with the mathematical properties 
(Secs. 3.2, 3.5, & 3.6).
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3.2 Legendre Equation and Legendre Polynomials (continued)

     Rewrite the solution: ( ) ( ) ( )
     ( ) diverges as 1. Hence, ( ) is not commonly used
in physics.  
     ( ) is finite for 1 and 1, but ( 1) diverges unless 
is an integer 

u x AP x BQ x
Q x x Q x

P x x x P

ν ν

ν ν

ν ν ν

= +
→ ±

< = −

1

(see p.105.)      
     In many physics problems, boundary conditions require  to be 
an integer. Since the form of the Legendre equation is unchanged if

1,  we have ( ) ( ). Hence, when  isP x P xν ν

ν

ν ν ν− −→ − − =  an integer 
(denoted by ), negative  is redundant. Thus, 0,  1,  2  and ( )
becomes a polynomial (properties on following pages).

: The range (  is often encountered
in 

1 1) considered here

ll l l P x

    Note x

=

− ≤ ≤



physics problems. Mathmatically, the range of ( ) and ( ) 
can be extended to the entire complex  plane. Furthermore,  can 
also be a complex number (See Gradshteyn & Ryzhik).

P x Q x
x iy

ν ν
ν+
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3.2 Legendre Equation and Legendre Polynomials (continued)

Lengendre polynomials P2(x) to P5(x) 
P0(x) = 1, P1(x) = x, P2(x) =(3x2−1)/2,
P3(x) =(5x3−3x)/2, 
P4(x) =(35x4−30x2+3)/2

21
2 !

( ) 1 ,  0,  1,  2... (3.16)( )l
l l l

ld
l dx

P x x l= − =Legendre Polynomial :

( ) ( 1) ( )l
l lP x P x− = −

7

( 1) ( 1)  l
lP − = − (1) 1 lP =

2  P
3P

4P
5  P

(1)lQ → ∞

0  Q
3Q

2Q
1 Q

Second Lengendre functions 
Q0(x), Q1(x), Q2(x), and Q3(x)



3.5 Associated Legendre Functions and the 
Spherical Harmonics

( ) ( ) 2
2
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            0 ,  for 1 1 

     The solutions are: ( ) ( ) ( )
:  associated Legendre function of the first kind    
:  asso
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     Associated Legendre Equation :

ciated Legendre function of the second kind
            (Refs.: Gradshteyn & Ryzhik; Abramowitz & Stegun;
                 Eisberg & Resnick, Quantum    Ph    cs)ysi





1
1

2
2 1     The set ( ) is orthogonal: ( ) ( )        (3.21)

     It is also complete in index . Hence, any function ( ) can be 

expanded as      ( ) ( )                            
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3.5 Associated Legendre Functions and the Spherical Harmonics (continued)

     Rewrite the solution: ( ) ( ) ( )
     ( ) diverges as 1, hence is not commonly used in physics.
     ( ) is finite on the interval 1 1 only when 

 is zero or a positive
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s     The set ( ) i  complete in index  in the sense any function ( )
:  a fixed integercan be expanded as  ( ) ( )  

See (A.3) in Appendix A.
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3.5 Associated Legendre Functions and the Spherical Harmonics (continued)
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3.5 Associated Legendre Functions and the Spherical Harmonics (continued)

1
1

     :
(i)  Using the orthogonality relation, 

2 ( )!     ( ) ( )                         (3.52)
2 1 ( )!

we can show that the spherical harmonics are o
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3.5 Associated Legendre Functions and the Spherical Harmonics (continued)

0

     (ii) The set ( , ) is complete, i.e., an arbitrary function ( , ) 
can be expanded as   

            ( , ) ( , )                                        (3.58)

    Multiplying b
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3.5 Associated Legendre Functions and the Spherical Harmonics (continued)

*
,

,0

     (iii)  Other properties of ( , ):
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     The addition theorem for spherical harmonics is derived on pp. 
110-111. Here we write the theorem without derivation:
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3.6 Addition Theorem for Spherical Harmonics
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3.3 Boundary-Value Problems with 
Azimuthal Symmetry

2 2
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: Find  inside 2 hemispheres held at opposite potentials 
                  as shown in the figure.
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1. ( 1) diverges unless  is
     an integer (p.105.)
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     The b.c. at  is :  ( , ) (cos )
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                                              Use ( ) ( )   (3.21)
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3.3 Boundary-Value Problems with Azimuthal Symmetry (continued)

(2n+1)!!=(2n+1)(2n−1)(2n−3)…5×3×1

99-100pp. 
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metal
sphere

a z

r
θ E

0E

0

0 z

 A conducting sphere of radius  with net charge 
 on its surface is placed in a uniform electric field . Use the 

method of expansion to find  outside the sphere and  on the sphe e

2:

r .

Example 
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a
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σΦ
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(i)  is independent of . 0
(ii)  is inite at 0 and  (i.e., at cos 1 and 1).

 0,  1,  2,  and drop 

     Hence, ( , ) [

m im

m im

m

l
l l

Pr e
r Q e

m

l Q

r A r B

ν ϕ
ν

ν ϕ
ν

ν

θ
θ

ϕ
θ π θ

ν

θ

− − −

    
Φ =    

    
Φ ⇒ =
Φ = = −

⇒ = =

Φ = +





( 1)

0
1

0 4 0

1
1 0 0 4 0

external field    due to net chrage 
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,  0 (for 1),  and 

l
l

l

l

Q

Q

r P

r E r r

A E A l B Q

πε

πε

θ

θ

∞ − +

=
∑

→ ∞ Φ = − +

⇒ = − = ≠ =





?

Q
.

ue

W

sti  
 ( 1) as  

hy keep the  term

on

s

:
l

l
l

r l r
A r

→ ∞ ≥ → ∞

3.3 Boundary-Value Problems with Azimuthal Symmetry (continued)
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3.3 Boundary-Value Problems with Azimuthal Symmetry (continued)





2
1

1 ( 1)
0 4 0 1

1 ( 1)
0 4 0 2

0 .0
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1 0

not a not a constconst.
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0 04 0

                                      due to induced surface charge 
                                          density  on the sphere

( , ) cos cos  

As will become clear in Ch. 
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r E r Erπε

σ

θ θ θ= − + +
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2

0
3

0 0

0 0 0

3
2

3

4 [Eq. (4.56)], the cos  term in 

is due to an electric dipole of dipole moment 4 . (see p.64)
     The induced surface charge density  is

         cos 4
Q

r r a

a
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:  due to a unit po nt so rce at  in infinite space

     First,  (at a distance
 from the origin) and divide the space into tw  regions:  

-ax s
3

i
r r r

Example 
z
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 and
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(cos )       
(cos )

(i)    is indep. of .  0
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as . drop  in region 

(cos ),       
     

(cos ),   

m

l

l

l
l l

l
l

l l
l

Q

r r r r
r r r r

A r P r r

B r P r r

ν

γ

γ

− −

∞

=
∞ − −

=

∑

∑

 ′= ⇒ <Φ 
′→ ∞ ⇒ >

 ′<
⇒ Φ = 

′ >


3.3 Boundary-Value Problems with Azimuthal Symmetry (continued)
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3.3 Boundary-Value Problems with Azimuthal Symmetry (continued)

0

1

0

0

1

0

(cos )     ,   
1             

(cos ) ,   

     For 0, we have (1) 1 and . Hence,

,       
1            

,   

l
l l

l

l
l l

l

l

l
l

l

l
l

l

A r P r r

B r P r r

P r r

A r r r

r r
B r r r

γ

γ

γ

∞

=

∞ − −

=

∞

=

∞ − −

=

∑

∑

∑

∑

 ′<Φ = = ′−  ′>


′ ′= = − = −

 ′<= ′−
′>



x x

x x

 



The formal method to solve for Al and Bl is to match the b.c. at
r = r’ (as will be done in Sec. 3.9). Here we obtain Al and Bl by
exploiting the fact that we already know Φ = 1/ |x−x’| (for a point
source, q = 4πε0). So, by the uniqueness theorem, we have
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3.3 Boundary-Value Problems with Azimuthal Symmetry (continued)

10 0

10 0

1 1 1 1 ,
11    But 

1 1 1 1 ,
1

    Equating the RHS of this equation to the RHS of the equation on  
the previous pag

( )

( )

l

l

l

ll l
l

ll l

r
r

r
r

rr r rrr r r r r
r r rr r rrr r r r r

∞ ∞

+= =

∞ ∞

+= =

∑ ∑

∑ ∑

′

′


′= = = < ′′ ′ ′− − ′= ′− ′ ′ ′= = = > ′− −

10
1

10

10

e, we obtain
(cos ),   

1 1       ,    

(cos ) ,   

1or (cos ), [two equations in one]          (3.38)

where  ( ) is the sm

l

llll
l ll l

llll

lll

r P r r
rA B r

r r P r r
r

r P
r

r r

γ

γ

γ

∞

+=
+

∞

+=
∞ <

+= >

< >

∑

∑

∑


′< ′′= = ⇒ = ′−′ ′ ′>

=
′−

x x

x x
aller (larger) of  and .r r′

1 2 2 3 3( 1) ( 1)( 2)( )
2! 3!

n n n n nn n n n nx y x nx y x y x y− − −− − −
+ = + + + +
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rr′
′x x

γ

  x
    y

  z
point
source

  x
y

  z

x

′x
     θ ′

r
r′

γ

ϕ
 ϕ′

θ

point
source

10

     Rewrite (3.38):

1     (cos )         

     This equation was derived with the 
unit point source located on the -axis 
(upper figure). However, it depends only 
on the magnitudes 

l

lll

r P
r

z

γ
∞ <

+= >
∑=

′−x x

( ,  ) of and  and 
the angle ( ) between and . So we 
expect the expression in (3.38) can be cast
into a general form which holds true when 
the unit point charge is at an arbitrary point 
(lower

r r
γ

′ ′
′

x x
x x

 figure). We may obtain the general
form by way of the addition theorem.

3.3 Boundary-Value Problems with Azimuthal Symmetry (continued)
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  x
y

  z

x

′x
     θ ′

r
r′

γ

ϕ
 ϕ′

θ

point
source

10

*

     Substituting the RHS of the addition theorem 
4      (cos ) ( , ) ( , )                               (3.62)

2 1

for (cos ) in ,                        1 (cos )

l
l

l

lll

l lm m
m l

l

P Y Y

P
r

l

P rγ γ

πγ θ ϕ θ ϕ

>

=

=

−

∞ <
+∑

∑ ′ ′=

=
′

+

−x x

*
10

            (3.38)

we get             (3.70)

     So, we started with a physics problem (the potential of a point
charge in infinite space), but end up 

1 14 ( , ) ( , )
2 1

ll
lm lmll m l

r Y Y
l r

π θ ϕ θ ϕ
∞ <

+= =− >
∑ ∑ ′ ′=

′− +x x

with a mathematical relation 
in (3.70).
      Why write a simple function  1/ | |  in such
a complicated form? (See next problem.)  

:Question ′Φ = −x x

3.3 Boundary-Value Problems with Azimuthal Symmetry (continued)
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3

Potential due to charge  uniformly distributed on a 
                   circular ring of radius . 

     Let ( ) ( ) ( ) in spherical coordinates
         ( )

            

4: 

:

E Q
a

K r c
Q d x

xample 

S l

K

o
ρ δ θ α δ

ρ

δ

= − −

=

=

∫

x
x 3

2

2

2

2

2

2 sin

( ) ( ) sin
            2 sin

    

( ) ( ) ( )
2 sin

            (cos cos ) ( )
2

d x

Q
c

r c r drd d
Kc

K
Q r c

c
Q r c
c

π α

θ α δ θ θ ϕ
π α

ρ δ θ α δ
π α

δ θ α δ
π

− −

=

⇒ =

⇒ = − −

= − −

∫

x



[ ] ( )
( )( ) x a

f af x δδ −
′

=

3.3 Boundary-Value Problems with Azimuthal Symmetry (continued)

24

a

c α

X̂

Ŷ
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3.3 Boundary-Value Problems with Azimuthal Symmetry (continued)

1

0

0

3

*
2

2
0

( )!2 1, 4 ( )!

( )( )     

1 ( , ) ( , )   cos
2 1 (cos cos ) ( )

      ( ) (cos )

     Apparently, only

1
4

2

l

l
l lm lm

l m l

m im
lm l

r
rv

v

l ml
l m

d x

Y Yr dr d d
l r c

Y P e

Q
c

ϕθθ ϕ π

ρ

θ ϕ θ ϕθ ϕ
δ θ α δ

πε

πε
<
+

>
∞

= =−
∑ ∑

′′′ ′ −+
+

′
′Φ =

′−
 ′ ′ ′ ′ ′ ′=

+  ′ ′− − 

=

∫

∫
⋅

xx
x x

1 1
1

1

0
0

0

2
2

0

0

 the 0 terms survive the  integration.

(cos ) (cos ) ( ) cos
(cos cos ) ( )

           (cos ) (cos )

          Jackson u

4

4

 
l

l

l

l

l l
l

l l
l

r
r

r
r

m

P Pr dr d
r c

P P

Q
c

Q

ϕ

θ θ
θ

δ θ α δ

α θ

πε

πε

<
+

>−

<
+

>

∞∞

=

∞

=

∑

∑

′=
 ′ ′ ′ ′⇒ Φ =
 ′ ′− − 

=

∫∫
⋅

x

ses a slightly different method to derive this. See p.103. 

*
10

22
( ) (cos cos ) ( )

1 14 ( , ) ( , )
2 1

ll
lm lmll m l

Q
c

r c

r Y Y
l r

π
ρ δ θ α δ

π θ ϕ θ ϕ
∞ <

+= =− >
∑ ∑

′ ′ ′= − −

′ ′=
′− +

x

x x
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θ
r
P

β

θ
r

P

β

2
1

     Consider the source-free configurations shown
in the figures.

(cos )   0
(cos )

(i)  The geometry is indep. of  (We also assume
      that the b.c. is i

m im

m im
Pr e

r Q e

ν ϕ
ν

ν ϕ
ν

θ
θ

ϕ

− − −
    

∇ Φ = ⇒ Φ =      
    

1

ndep. of .)  0        
(ii)  (cos ) diverges at 0 or cos 1.
       drop (cos )

      Hence, (cos )      

: ( ) diverges at 1 unless integer. However, in this
      

m

m

m
Q

Q

r P
r

Note P x x

ν

ν
ν

νν

ν

ϕ
θ θ θ

θ

θ

ν

− −

⇒ =

= =

⇒

 Φ =  
 

= − =
   problem, we have   cos 1 in the region of

         interest. Hence,  is not required to be an intege .
0

r
β π θ

ν
≤ < ⇒ ≠ −

3.4 Behavior of Fields in a Conical Hole or 
Near a Sharp Point

26
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3.4 Behavior of Fields in a Conical Hole or Near a Sharp Point (continued)

1

(iii)  We are interested in the general behavior of the potential and 
        fields in the neighborhood of 0 and not in the full solution        
        

 

with

    Rewrite: (cos )

 sp

r P
r

r

ν
νν θ− −

 
Φ =  

 

=

1

1 2 3

ecified boundary condition imposed at large . 

        (cos )                                                  (3.44)

(iv)  0 at (cos ) 0  ,  ,  , ( 0)
        : In th

k
kk

k

r

A r P

P
Note

ν
ν

ν

θ

θ β β ν ν ν ν ν
=

∞
∑Φ =

Φ = = ⇒ = ⇒ = >

1
11

1

e boundary condition: (cos ) 0,   is fixed and
        is the eigenvalue to be solved.

        (cos ),                                                   (3.45)

        where  is the smalle

P

A r P

ν

ν
ν

β β
ν

θ

ν

=

⇒ Φ 

st eigenvalue [the first root of 
        (cos ) 0].Pν β =

27
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θ
r
P

β

90° 180°0

   1

   2

1ν

β

θ
r

P

β

3.4 Behavior of Fields in a Conical Hole or Near a Sharp Point (continued)

1 1
1

1 1
1

1 1
1

1 1
1 1

1 1
1

1 1
0 1 0

1

1

(cos )

sin (cos )

( ) sin (cos )

     Behavior of  as a function of  is shown
in the figure below. Note that

r r

r

E A P

E A P

E A P

r r

r r

r r

ν ν
ν

ν ν
θ ν

ν ν
θ ν

θ

φ

φ

ν θ

θ θ

σ ε θ β ε β β

ν β

− −

− −

− −

∂
∂

∂
∂

 = − ≈ − ∝

 ′⇒ = − ≈ ∝


′ = − = ≈ − ∝


1

1

1

1

1

o

1,  if 90

    1,  if 90      

1,  if 90
     When  < 90  (conical hole), both  and 0 as

170   0.2;      

 0.

     179    0.1

E r

ν β

ν β

ν β
β

β ν β

σ

ν

> < °
 = = °
 < > °

→ →

= ° ⇒ = = ° ⇒ =

0r →

28

Self-learning



3.4 Behavior of Fields in a Conical Hole or Near a Sharp Point (continued)
o

4
     However, when  > 90  (sharp point), both  and  as  

0. Large electric field (  > 2.5 10  V/cm) can cause the air to
breakdown and form a conducting path in the air for the sharp point 
to dis

E
r E

β σ → ∞
→ ×

charge. This is the principle of the lightning rod (pp. 77-78.)
     If the region of interest is bounded by the surface at , the 
coefficients  in (3.44) can be determined by the b.c. ( ) ( ) k

r a
A r a θ

=
Φ = = Φ

1

through

          ( ) (cos )

     If ( ) ( ) 0,  then all 0. 0 everywhere
     In reality, the lightning rod is not perfectly sharp. Hence,  is  
finite at the tip, and on a clear d

k
kk

k

k

A a P

r a A

ν
νθ θ

θ

∞

=
∑Φ =

Φ = = Φ = = ⇒ Φ =

Φ
ay when there is a small potential 

difference between the ground the clouds, the lightning rod will 
not discharge. 
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3.4 Behavior of Fields in a Conical Hole or Near a Sharp Point (continued)

A physical picture of the lightning rod

30



 z

 x

   y

 z

 ρ ϕ

x
P

2 2
2 2 2

2
2

2

2

2
2

2
2

2

2

2
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2
2

1 1     ( ) 0 0

     Let (x) ( ) ( ) ( )

0

  0

0 ( ),  ( )

where  and  are Bessel fun

z

kz

i

R Q Z z

Z k Z Z ez
Q Q Q e

R R R R J k N k

J N

k ν ν

ν ν

ϕ

ρ ρρ ρ

ρ ρ ρ ϕρ

νϕν

ρ ϕ

ν ρ ρ

±

±

∂
∂
∂
∂

∂ ∂
∂∂

∂ ∂Φ ∂ ∂
∂ ∂ ∂∂

Φ Φ Φ∇ Φ = ⇒ + + + =

Φ =


− = ⇒ =

⇒ + = ⇒ =

  + + − = ⇒ =   

x

ctions of the first and second kind, 
respectively (see following pages).

( )
                                           (3)

( )

i
i

kz
kz

J e e
N e e

k
k

ν

ν

νϕ
νϕ

ρ
ρ − −

   ⇒ Φ =    
   

3.7 Laplace Equation in Cylindrical Coordinates; 
Bessel Functions
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3.7 Laplace Equation in Cylindrical Coordinates; Bessel Functions (continued)

( )2 2
2 2

1

      If we let , the equation for  takes 
the standard form of the Bessel equation,

            1 0                                       (3.77)

with solutions 

d R dR
x dxdx x

x k R

Rν

ρ=

+ + − =

Bessel Functions :

(1)

(2)

( ) and ( ), from which we define the Hankel 
functions:

( ) ( ) ( )
                                                   (3.86)

( ) ( ) ( )
and the modified Bessel functions (Be

J x N x

H x J x iN x

H x J x iN x

ν ν

ν ν ν

ν ν ν

 = +


= −

( )
1 (1)

2

2 2
2 2

1
ssel functions of imaginary 

argument) 1 0

( ) ( )                                                  (3.100)
             

( ) ( )                                 

d R dR
x dxdx x

R

I x i J ix

K x i H ix

ν
ν ν

νπ
ν ν

ν

−

+

+ − + =

=

=
 

         (3.101)
     See Jackson pp. 112-116, Gradshteyn & Ryzhik, and Abramowitz 
& Stegun for properties of these special functions.




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3.7 Laplace Equation in Cylindrical Coordinates; Bessel Functions (continued)

Bessel functions J0(x), J1(x), and J2(x)

Neumann functions N0(x), N1(x), and
N2(x)

Modified Bessel 
functions I0(x), I1(x), 
K0(x), and K1(x)

33



3.8 Boundary-Value Problems in Cylindrical Coordinates

2

: Potential inside a charge-free cylinder (see figure)
with the b.c. ( ) ( , ) and 0 on other surfaces. 

( )
( ) 0

( )

(i) ( )
0

1

:
i kz

i kz

kz kz

z L V

J k e e

Exampl

z

e 

Sol

N k e e

Z A Be e

ν

ν

νϕ

νϕ

ρ ϕ

ρ
ρ − −

−

Φ = = Φ =

   
∇ Φ = ⇒ Φ =    

   

= +
Φ =

x

( )

( )
0

 at 0 (0) 0

( ) sinh
(ii) ( ) ( 2 ), i.e.  is single-valued.

integer

( ) sin cos

(iii)  is finite at 0. drop ( ) ( )

im
m m m

m m

m m

kz kz
z Z B A

Z A A kz

m

Q C e A m B m

N k R J k

z e e

ϕ

ϕ ϕ π
ν

ϕ ϕ ϕ

ρ ρ ρ

∞ ∞

=−∞ =

−

∑ ∑

= ⇒ = ⇒ = −

′⇒ = − =

Φ = Φ + Φ
⇒ = =

⇒ = = +

Φ = ⇒ ⇒ =
34

( , )Vφ ρ ϕ=

0φ =

0φ =

a L

x

   y

z ( , )V ρ ϕΦ =

0Φ =

0Φ =



3.8 Bounday-Value Problems in Cylindrical Coordinates (continued)

( ) ( ) ( )( )
0 1

     Rewrite: ( )
(iv) 0 at  ( ) 0 ,  1,  2,  3
      where  is the -th root of ( ) 0. Thus,

 , , sinh sin cos

     With  fixed by the boundar

m

m mn

mn m

m mn mn mn mn
m n

mnx
a

R J k
a J ka k k n

x n J x

z J k k z A m B m

k

ρ
ρ

ρ ϕ ρ ϕ ϕ
∞ ∞

= =
∑ ∑

=
Φ = = ⇒ = ⇒ = = =

=

Φ = +



2 2
10 2

The set 

y condition to a set of dicrete values 
( ), we may introduce two properties of ( )

( ) is orthogonal in index :  [ : a fixed number.]
     ( ) ( ) [

:
 

  
( )]

m mn

mn m mn

m mn m mn m mn
a a

J k n m
J k J k d J k a

k J k
ρ

ρ ρ ρ ρ

ρ

′ +=∫

1

    (3.95)

The set ( ) is complete in index . Hence, any function
( ) can be expanded as  (

:       (See la

)

st page of Appendix A.)
1. Why is (

( )  

) orhtogm mn

n n

m mn

n m mn
n

J k x n
f x f x C

J

J k

Questions
k x

x

δ ′

∞

=
∑









=

onal and complete in index  instead of ?
2. Why is there a factor  in the integrand of (3.95), but not in (3. )? 52

n m
ρ 35



3.8 Bounday-Value Problems in Cylindrical Coordinates (continued)

( ) ( ) ( )( )

( ) ( )

( ) ( ) ( )( )

{ }0
2
0

0 1

,

     Rewrite:  

  , , sinh sin cos

(v) , , ,      

     , sinh sin cos

sin    Operating both sides with ( )  and  cos
ma

m mn mn mn mn
m n

mn m mn mn mn
m n

m mn
a

z J k k z A m B m

z L V

V k L J k A m B m

md d J k m
π

ρ ϕ ρ ϕ ϕ

ρ ϕ ρ ϕ

ρ ϕ ρ ϕ ϕ

ϕϕ ρ ρ ρ ϕ

∞ ∞

= =
∑ ∑

∑

Φ = +

Φ = =

⇒ = +

∫ ∫

( )
( )

2

2
0

2
10

2 2
1

2

king use of the orthogonal properties of sin  and cos ,  and

the relation: ( ) ( ) [ ( )]  (3.95)

sin2cosech
( , ) ( )

cos

m mn m mn m mn n n

mn mn
m mn

mn m mn

a a
m m

J k J k d J k a

A mk L
d d V J k

B ma J k a
π

ϕ ϕ

ρ ρ ρ ρ δ

ϕ
ϕ ρ ρ ρ ϕ ρ

ϕπ

′ ′+

+

=

   ⇒ =  
 

∫

∫

0

1
02        (for 0,  use )n

a

m B




=

∫
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( ) ( )
( )

2

: Potential in the charge-free semi-infinite space 0

, , 0 ,
subject to the b.c. 

, , 0

( )
      ( ) 0

( )

(i)  remains finite 

2

: i
i

kz
kz

E z

z V
z

J e e
e

xamp

So

N e

le 

l
k
k

ν

ν

νϕ
νϕ

ρ ϕ ρ ϕ
ρ ϕ

ρ
ρ − −

≥

Φ = =
Φ → ∞ =

     ∇ Φ = ⇒ Φ =    
     

Φ

x

( )

( )

0

as . drop ( )
(ii) ( ) ( 2 ) integer

     ( ) sin cos

(iii)  is finite at 0. drop ( ) ( )
(iv) 0 at  ( ) 0 continuous eigenvalue 

, ,

m m
m

m m

m
kz

kz kzz e Z z Ae
m

Q A m B m

N k R J k
J k k

z dke J

ϕ ϕ π ν

ϕ ϕ ϕ

ρ ρ ρ
ρ

ρ ϕ

−

∞

=

−

∑

→ ∞ ⇒ ⇒ =
Φ = Φ + ⇒ = =

⇒ = +

Φ = ⇒ ⇒ =
Φ = → ∞ ⇒ ⋅∞ = ⇒

⇒ Φ = [ ]00
( ) ( )sin ( ) cos  

                                                                                               (3.106)
m m m

m
k A k m B k mρ ϕ ϕ∞∞

=
∑ +∫

3.8 Bounday-Value Problems in Cylindrical Coordinates (continued)
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3.8 Bounday-Value Problems in Cylindrical Coordinates (continued)

( ) [ ]

( ) ( )

( ) ( )[ ]

0

0

0

0

0

     Rewrite (3.106) with variable  changed to : 

    , , ( ) ( )sin ( ) cos  

(v) , , 0 ,

, ( )sin ( ) cos

Operating both sides with 

m m m
m

m m m
m

k z
k k

z dk e J k A k m B k m

z V

V dk J k A k m B k m

d

ρ ϕ ρ ϕ ϕ

ρ ϕ ρ ϕ

ρ ϕ ρ ϕ ϕ

ϕ

∞∞ −

=

∞ ∞

=

∑

∑

′

′

′ ′ ′ ′Φ = +

Φ = =

′ ′ ′ ′⇒ = +∫

∫

{ }

2
0

2
0

0

0

sin( )  andcos
making use of the orthogonal properties of sin  and cos ,  and

1the relation: ( ) ( ) ( )                       (3.108)

( )
(

( )

m

m m

m

m

md J k m
m m

xJ kx J k x dx k k
k

A k k d d V
B k

π

π ϕρ ρ ρ ϕ
ϕ ϕ

δ

ϕ ρ ρ ρ
π

∞

∞

∞

′ ′= −

 
⇒ = 

 

∫

∫ ∫

∫

∫

{ }
0

sin, ) ( )          (3.109)cos

1For 0, use ( ) in series (3.106).
2

m
mJ k m

m B k

ϕϕ ρ ϕ

=
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( ) ( )
( )

2

     The Green function for an electrostatic potential problem satisfies 

      , 4  
with , 0 for  on the boundary surface.

 Jackson p.120 states the b.c. as " ( , ) 0 for ei:Question

G
G

G

πδ′ ′∇ = − −

′ =
′ =

x x x x
x x x

x x

( ) 1

ther 
 or  on the boundary surface." Why?

 Green function in infinite space

     The simplest form is ,  (Sec. 1.10). 

     It can be expressed as an expansion in spherical coordinates 

1:

G

Case 

− ′

′

′ = x x

x x

x x

( ) *
10

as (Sec. 3.7)
1 1, 4 ( , ) ( , )    (3.70)

2 1

ll
lm lmll m l

rG Y Y
l r

π θ ϕ θ ϕ
∞ <

+= =− >
∑ ∑′ ′ ′= =

′− +
x x

x x

3.9 Expansion of Green Functions in 
Spherical Coordinates
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x

 x
′x

r
r

a 0G =

point 
sourceimage

charge

2
2

a
x′

•

2
2

a
x′

•

( ) 2
2

 Green function outside a conducting sphere
     By the method of images, we have obtained
the Green function in Sec. 2.6,

1     ,                                             

 2 :

x
a

Case

a

 

G
x

′

′ = −
′− ′ ′−

x x
x x x x

2
2

2

2
2

2

     (2.16)

     The first term in (2.16) is expanded in (3.70).
     The second term can be expanded using (3.70). Since ,

we substitute =  and  into (3.70) to obtaina
x

a

a
x

ar r r r

a
x

> < ′

′
′>

′= = = ′

′ −

x x

x x

x

( )

( )

2

2

*
10

2
1 *

1,

14 ( , ) ( , )
2 1

1 1, 4 ( , ) ( , ), (3.114)
2 1

( )

l
l

lm lmll m l

l
l

lm lmll m

a
r

x

a
Y Y

l r r

r aG Y Y
l a rrr

π θ ϕ θ ϕ

π θ ϕ θ ϕ

∞

+= =−

+<
+

>

∑ ∑

∑

′

′

′ ′=
+ ′′

 
′ ′ ′⇒ = − ′+  

x

x x

3.9 Expansion of Green Functions in Spherical Coordinates (continued)

r′
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r′
r

a

x
′x

b

( ) ( )2

 Green function inside a spherical shell bounded by 
            grounded conductors (see figure)
                , 4
with the b.c. ( ) ( ) 0 
     This problem is difficult to s

3:

G

C e

G r a r

as  

G b
πδ′ ′∇ = − −

= = = =
x x x x

2
1

olve by the 
method of images. We will solve it by a
systematic method: .
     Write ( ) in spherical coordinates, 
  ( ) ( ) ( ) (cos cos )

    Use the completeness 
r

r r
δ

δ δ δ ϕ ϕ δ θ θ
′−

′ ′ ′ ′− = − − −

method of expansion
x x

x x

2
*1

0

relation (3.56) for ( ) (cos cos )

( ) ( ) ( , ) ( , ) (3.117)

    Note that, in (3.117), we have decomposed a point charge into an 
infinite number of spherical "charg

l
lm lm

l m lr
r r Y Y

δ ϕ ϕ δ θ θ

δ δ θ ϕ θ ϕ
∞

= =−
∑ ∑

′ ′− −

′ ′ ′ ′⇒ − = −x x

e layers", all of radius .r′

3.9 Expansion of Green Functions in Spherical Coordinates (continued)
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( )

( )

2
2 *1

0

    

   , 4 ( ) ( , ) ( , ) (4)

 

    The RHS of this equation is an expansion in spherical harmonics, 
which suggests that we expand ,  similarly. This is possible 
sinc

π δ θ ϕ θ ϕ
∞

= =−
∑ ∑′ ′ ′ ′⇒ ∇ = − −

′

l
lm lmr l m l

G r r Y Y

G

x x

x x

( ) ( )

( )

0

e ( , ) form a complete set. 

, | , , ( , ),        (3.118)

where  is a function of  to be solved from (4).
       Expressing  as

    | , , ( , ) ( , )  

θ ϕ

θ ϕ θ ϕ

θ ϕ θ ϕ

∞

= =−

∗

∑ ∑′ ′ ′ ′=

′ ′ ′ ′ ′ ′=

lm
l

lm lm
l m l

lm

lm

lm l lm

Y

G A r r Y

A r
A

A r r g r r Y

x x

     (5)
and sub. (5) into (4), we get the equation for ( , ) (see Sec. 3.1),  ′lg r r

3.9 Expansion of Green Functions in Spherical Coordinates (continued)

variable constant constants variables

variable constants variables
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3.9 Expansion of Green Functions in Spherical Coordinates (continued)

[ ]

[ ]

2

2 2 2

2

2 2

      

1 ( 1) 4( , ) ( , ) ( )              (3.120)

    Divide the space into  and . In each region, (3.120) 
reduces to

1 ( 1)( , ) ( , ) 0

( , )

l l

l l

l

l

d l lrg r r g r r r r
r dr r r

r r r r

d l lrg r r g r r
r rdr

Ar Br
g r r

π δ

−

+′ ′ ′− = − −

′ ′< >

+′ ′− =

+
′⇒ =

1

1

,
                                    (6)

,
      The remaining job is to find 4 
boundary conditions to solve for the 
4 constants ,  ,  ,  and  in (6).

l

l l

r r

A r B r r r

A B A B

−

− −

 ′<


′ ′ ′+ >

′ ′

r ra

b

43

Self-learning



r ra

b

3.9 Expansion of Green Functions in Spherical Coordinates (continued)

( )
( )

1
2 1

1 2 1
1

       
(i) ( , ) 0 ( , ) ,  

(ii) ( , ) 0 ( , ) ,  

(iii) ( , ) is continuous at . 
      Physical reason:  is continuous across the charge
layer 

l
l

l
l l

l a
l l r

r
l l r b

l

g r a r g r r A r r r

g r b r g r r B r r

g r r r r
φ

+

+

+ +

′ ′ ′= = ⇒ = − <

′ ′ ′ ′= = ⇒ = − >

′ ′=

( ) ( ) ( )
( )

( )

1 2 11 2 12 1
1 1 2 1 2 1

1
2 1

1

0
11

1

2 1
1 2 1

1

at . (  is finite at  . lim 0). Thus,

( , )

l
l ll ll

l l l l
l

l

l
l

l

r
rr

l r br ba r
l lr r b a a

rr

l

ll
l l

l ar
r b r

r r E r r E r

A CAA r B
B r B C r

C
g r r

r

φ

+ ++ ++
+ + + +

+

+
+

∆ →

′′
′′′

′ ′
′′

+
+ +

′
′

′ ′= = ⇒ ∆ = ∆ =

 = −− ′ ′− = − ⇒ = ⇒ ′ ′ ′ ′− = −

′⇒ =
− −( )

( )( )
2 1

1 1 2 1

1

2 1
1 1 2 1

1

1

,

,

(3.122)
ll

l l l

l

l l
l l l

l

rl a
r r b

a r
r r b

r r

C r r

C

r

r + >
+ + +

< >

+

+
+ + +

<

′

 ′<

 ′>


  =   
  

′ − −

− −
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rr′

    (solid line)
 as a function of    

lrg
r

[ ]
2

2 2 2
1 ( 1) 4     Rewrite (3.120): ( , ) ( , ) ( )

(iv) We need one more condition to get the remaining constant  in
       (3.122). Physically, this condition is related to the discon

l l
d l lrg r r g r r r r

r dr r r
C

π δ+′ ′ ′− = − −

tinuity
       of ( ) across the charge layer at . Mathematicaly, we
       integrate the delta funtion in (3.120) to bring out the discontinuity.
       Multiply (3.120) by  and integrate fr

d
r ldrE g r r

r

′∝ =

[ ] [ ]
2 1 2 1

2 1 2 1

2 1

om  to   ( 0) 
4( , ) ( , )

1 ( 1)

4( 1) 1

4
(2 1) 1

( ) ( )

( ) ( )

( )

l lr r

l l

l l

l

C
r

C
r

a r
r b

a r
r b

a
b

r r
d drg r r rg r r
dr dr r

l l

l l
r

C
l

ε ε

ε ε ε
π

π

π

′ ′+ −

+ +

+ +

+

′

′

′
′

′
′

′ ′− + →

′ ′⇒ − = −
′

   ⇒ − − + +   

   − + + − = −    ′

⇒ =
 + − 

3.9 Expansion of Green Functions in Spherical Coordinates (continued)

45

Self-learning



( )

( )

* 2 1
1 1 2 12 10

( , ) ( , ) 1
(2 1) 1

Substituting  into (3.122), we get 

(3.125)

:  0 & ,  (3.125) (3.71 0
1,

  )

 
( )

,

4
lllm lm

l l ll

l l
l m l

Y Y ra
r r bl a

b

Limitin s

C

ag b

G

ca e

G

rθ ϕ θ ϕπ + >
+ + + + < >  

∞
<

= =−

′ ′
∑ ∑

+ −

  
  
  

→ → ∞ ⇒

′ = =
′−

′

= − −

x x
x x

x x

( )

*
10

2
1 *

1,

14 ( , ) ( , )    (3.70)
2 1

: ,  (3.125) (3.114)

1 1, 4 ( , ) ( , ),  (3.114)

 

2

 2

1
( )

ll
lm lmll m l

l
l

lm lmll m

r Y Y
l r

b

r aG Y Y
l

Limiting cas

a rrr

e

π θ ϕ θ ϕ

π θ ϕ θ ϕ

∞ <
+= =− >

+<
+

>

∑ ∑

∑

′ ′
+

→ ∞ ⇒

 
′ ′ ′= − ′+  

x x

3.9 Expansion of Green Functions in Spherical Coordinates (continued)
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Potential inside a charge-free sphere
                   of radius  subject to the b.c. 
                   ( ) ( , )

  Since we already have the Green function for 
this problem, it i

1: 

:

Example 

S

b

ol
r b V θ ϕΦ = =



3

0 0

s convenient to use the formal 
solution derived in Sec. 1.10:

1 1  ( ) ( ) ( , ) ( ) ( , )     (1.44)
4 4

1       There is no charge inside. ( ) ( ) ( , )
4

     

v s

s

G d x G da
n

G da
n

Not

ρ
πε π

π

=

∂′ ′ ′ ′ ′ ′Φ = − Φ
′∂

∂′ ′ ′⇒ Φ = − Φ
′∂

∫ ∫

∫

x x x x x x x

x x x x





 

  

: The unit vector  is normal to the surface and pointing 
   outward from volume of interest.  is a differentiation 

   along   for this example .( )
n

n r

e
∂
∂ ′

∂ ∂
∂ ∂′ ′

′

′ =

n

n

3.10 Solution of Potential Problems with the 
Spherical Green Function Expansion

( , )V θ ϕ
′n

b
volume
interest 

of
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( )

( )

2 1

*

*

10

2 1
1 1 2 1(2 1)

( , ) ( , )
( )

     Rewrite (3.125): 
1

     For this example, 0,  , and ,  hence
1, 4 ( , )

2 1

  , 4 l
lm lm

lm lm

l

l m l

ll
l l lal b

Y Y l ra
r r b

a r r r r

G Y Y
l

G rθ ϕ θ ϕ

π θ ϕ

π
+ 

 

> <

∞

−= =−

+ >
+ + ++ < >

′ ′
∑ ∑ <

  
  
  

′= = =

′ ′ ′=
+

′ = − −

x x

x x

( ) ( )

,

*

,

*
2 ,

2 2

1 2 1

2 2 1
1

1

1

( , )

14 ( , ) ( , )
2 1

4 ( , ) ( , ) (7)

sin             (8)

( )

( )

( )

l

l m

l
lm lm

l m

l
lm lm

l m

l
l l

l l

r b r b

l

s

b
l l

b
r
b

rr
r

G rY Y rr rl
G G Y Yn r b

da r d d b d
r b V

θ ϕ

π θ ϕ θ ϕ

π θ ϕ θ ϕ

θ θ ϕ
θ

+ +

+ +

′ ′= =

∑

−
∑

∑

+

′−
′

∂ ′′ ′⇒ = − −∂ ′ + ′
∂ ∂ ′ ′⇒ = = −∂ ∂′ ′

′ ′ ′ ′ ′ ′= = Ω
′ ′ ′Φ = Φ = =x ( )

( ) *

,

1
4

, (9)
      Substituting (7) - (9) into ( ) ( ) ( , ) , we get

( , ) ( , ) ( , ) (3.128)( )l
lm lm

l m

s
r
b

G dan
V Y d Y

π

ϕ

θ ϕ θ ϕ θ ϕ∑

′
∂′ ′ ′Φ = − Φ ∂ ′

 ′ ′ ′ ′ ′Φ = Ω 

∫

∫

x x x x

x



3.10 Solution of Potential Problems with the Spherical Green Function Expansion (continued)
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b Q

a

Example 2: Potential due to a uniformly charged ring of radius a and   
total charge Q located on the x-y plane inside a grounded 
conducting sphere of radius b

3.10 Solution of Potential Problems with the Spherical Green Function Expansion (continued)

49

2

  In spherical coordinates, the -  plane  
is at 2.The charge density ( ) can
be written as 

( ) ( ) (cos )                                                   (3.129)
2

    The potental is 

: xS

Q

ol y

r a
a

θ π ρ

ρ δ δ θ
π

=

= −

x

x



( ) 1 2 1

3

0 0

*1 1
2 1

given by    
1 1( ) ( ) ( , ) ( ) ( , )     (1.44)

4 4
     There is no inner conductor in this problem. (3.125) reduces to

   , 4 ( , ) ( , )
l

l l
l

lm lm

v s

r
l r b

G d x G da
n

G Y Y r

ρ
πε π

π θ ϕ θ ϕ >
+ +

>

=

<+

∂′ ′ ′ ′ ′ ′Φ = − Φ
′∂

⇒
′ ′ ′= −

∫ ∫x x x x x x x

x x



0
  (10)

l

l m l

∞

= =−
∑ ∑ 

 
 



b Q

a

( ) ( )1 2 1

2 1
0 4

1
0

22

     Symmetry in  0. Hence,  

      ( , ) ( , ) (cos )

, (cos ) (cos )     (11)

Substiting (11) and ( ) ( ) (cos )
into (1.44), we obtain

1( )
4

l

l l

l
lm l l

rl
l l r bl

Q
a

m

Y Y P

G P P r

r a

π

π

ϕ

θ ϕ θ ϕ θ

θ θ

ρ δ δ θ

πε

>
+ +

>

+

∞
<

=
∑

⇒ =

→ =

′ ′⇒ = −

= −

Φ =

x x

x

x ( )

( )
( )

1 2 1

1 2 1

3

0

2
12 2

0 0

1
00

( ) ,

( ) (cos )
   cos (cos ) (cos )8

   (0) (cos )            (3.130)
4

where  ( ) is the smaller 

l

l l

l

l l

rl
l l r bl

rl
l l r bl

d x G

r aQ r dr d d P P ra

Q P P r

r r

ρ

δ δ θ
θ ϕ θ θπ ε

θ
πε

>
+ +

>

>
+ +

>

∞
<

=
∞

<
=

< >

∑

∑

′ ′ ′∫

′ ′− 
 ′ ′ ′ ′= ′⋅ −  

= −

∫

x x x

(larger) of  and .r a

3.10 Solution of Potential Problems with the Spherical Green Function Expansion (continued)
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 b
2

linear
density Q

b

x

y

z

[ ]2

3

0

    The charge density ( ) can be written in
spherical coordinates as (see problem below.)

1( ) (cos 1) (cos 1)         (3.132)
2 2

     The potential is given by
1

:

( ) ( ) ( , )
4 v

S

Q
b r

G d x

ol ρ

ρ δ θ δ θ
π

ρ
πε

= − + +

′ ′ ′Φ = −∫

x

x

x x x x


( ) ( )1 2 1

0

1
0

1 ( ) ( , )      (1.44)
4

     Rewrite (11), which is applicable to this problem: 

, (cos ) (cos )                              (11)

     Substituting (11) into

l

l l
rl

l l r bl

s G da
n

G P P r

π

θ θ >
+ +

>

=

∞
<

=
∑

∂′ ′ ′Φ
′∂

′ ′= −

∫ x x x

x x



 (1.44), we obtain

Example 3: Potential due to a uniformly charged line of length 2b
and total charge Q located on the z-axis inside a 
grounded conducting sphere of radius b (see figure)

3.10 Solution of Potential Problems with the Spherical Green Function Expansion (continued)
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[ ]

1 2 1

1 2 1

22

0
0

000

1

1

(cos 1) (cos 1)
2( ) cos

8 (cos ) (cos )

       (1) ( 1) (cos )    (3.133)
8

  

l

l l

l

l l

l
l l

l

l
l l l

l

r
r b

rb
r b

rQ r dr d d
b P P r

Q P P P r dr
b

δ θ δ θ
πθ ϕ

πε θ θ

θ
πε

>
+ +

>

>
+ +

>

∞
<

=

∞
<

=

∑

∑

− + +′ ′
′

 
 ′ ′ ′ ′Φ =   ′ −    

  ′= + − − 
 

∫

∫ ⋅
x



2
2

10

   ( 1) ( 1)  and (1) 1  Odd  terms cancel.

4 1( ) ln 1 (cos )  (3.136)   
4 2 (2 1)

     Note that the 0 term in (3.133) is given by ln . See p.124.

( ) ( )

( )

l
l l

j
j

j

b
r

P P l

Q jb r Pr bb j j

l

θ
πε

∞

=
∑

− = − = ⇒

 +  ⇒ Φ = + −  + 

=

x

3.10 Solution of Potential Problems with the Spherical Green Function Expansion (continued)

( ) ( )
( )

1 2 1 1 2 1
1 1

0

2 1
( 1) 1[ ]

l l
l l l l

r bl lr r
rr b r b

ll r
l l b

r dr r dr+ + + +
′

′

+
+

′ ′ ′= − + −

= −

∫ ∫
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 b
2

linear
density Q

b

x

y

z

[ ]

3 2
0

2

Show that the charge density in (3.132):
1          ( ) (cos 1) (cos 1)2 2

represents a unifom charge distribution along .
The total charge is

    

3

 

 

 (

.1: 

:

)

 

2 cob

Example

Solution

Q
b r

z

Qd x r drb d

ρ δ θ δ θ
π

ρ

= − + +

= ∫∫

x

x 1

1

1

1

2
0

0

2

,0, + -axis  -axis

(cos 1) (cos 1)
2

                      [ (cos 1) (cos 1) ]2

                      uniform distribution from  to 2

s

cos

b
b

b

z z

r
Q drb

Q z b z bb

d

d

dz

π

θ πθ

δ θ δ θ
π

δ θ δ θ

θ ϕ

θ

−

−

−

== −

− + +

= − + +

= ⇒ = − =

∫

∫

∫

∫

∫

 

.
: The above integration over cos  starts from cos 1 and

and ends at cos 1. It does not cross 1 or 1. This issue can be            
resolved by a limiting procedure; namely, we write
      

     Note θ θ
θ

δ

= −
= −

0
(cos 1) (cos 1) lim[ (cos 1 ) (cos 1 )]

ε
θ δ θ δ θ ε δ θ ε

→
− + + = − + + + −

3.10 Solution of Potential Problems with the Spherical Green Function Expansion (continued)
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( ) ( ) ( )2
     Consider the Green equation:  

, 4 , with , 0 as 
     An obvious solution is 1/ . We have also
solved this equation by the  
in spherical coordinates [(3.70)

G Gπδ′ ′ ′∇ = − − = → ∞
′−

x x x x x x x
x x

method of expansion

( )
( ) ( ) ( ) ( )

( )

( ) ( ) ( )[ ]0

( )

1

1

1
2

1
2

]. Here, by the same
method, we solve it again in cylindrical coordinates. 
     Write  as 
     

with       
cos

im

m
ik z z

z z

e

z z dke dk k z z

ϕ ϕ

π

ρ

π

π

δ
δ δ ρ ρ δ ϕ ϕ δ

δ ϕ ϕ

δ ∞ ∞
−∞

∞ ′−

=−∞
∑

− ′

′−

′ ′ ′ ′− = − − −

 ′− =

 ′ ′− = = − ∫ ∫

x x
x x

( ) ( ) ( )[ ]0
2 ( )2

  

, cos       (12)im

m
G dke k z zϕ ϕδ ρ ρ

ρπ
∞ ′∞ −

=−∞
∑

− ′′ ′⇒ ∇ = − −∫x x

3.11 Expansion of Green Functions in 
Cylindrical Coordinates
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3.11 Expansion of Green Functions in Cylindrical Coordinates (continued)

( )

( ) ( )0
( )1 1

2

    Since  and  are complete sets, we may expand ,  in 
variables  and    

 , ( , , ) cos[ ]    (3.140)
                                                   

im
m

m

im ikze e G
z

G dkg k e k z zϕ ϕ

ϕ

π π

ϕ

ρ ρ
∞ ′∞ −

=−∞
∑

′

′ ′ ′= −∫

x x

x x

2 2 2
2 2 2 2 20

1 1 1
2

(

    
where the coefficient ( , , ) is a function of , ,   and .
     Substituting (3.140) into (12) we get

     

, ,                         ( )

( )

m

zm
im

m

g k m k

k

dk

g e

ρ ρπ ρ ρ ϕ
ϕ

ρ ρ ρ ρ

ρ ρ

∞ ∞ ∂ ∂ ∂ ∂
∂∂ ∂ ∂=−∞

∑ ∫

′ ′

′

+ + +

⋅

( )

( )

2 2 2
2 2 2

2
2

0

2

)

( )

2 2 1 1

41

2                      (13)

     In (13), . Hence,

, ,        

cos[ ( )]

cos[ ( )]

, , 

( )( )

im

m

z

m
mk k

k z z

dke k z z

m k

g

ϕ

ϕ ϕ

ρ ρ ρ ρ ρϕ ρ

π
ρ ρ ρ ρ

δ ρ ρ
ρ

ρ

ρ
ρ

π

ρ ρ δ ρ ρ

′−

∞ ′−∞

=−∞
∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂∂ ∂ ∂

∂ ∂
∂ ∂

′−
∑ ∫

  ′− +  

′−

′= − −

→ − → − + =

′= − −     (3.141)
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3.11 Expansion of Green Functions in Cylindrical Coordinates (continued)

( ) ( ),
( , , )

( ) ( ),
(i)  is finite at 0. 0 
(ii)  remains finite as . 0
(iii)  is continuous at .

( ) ( )
( )( )

( )

m m
m

m m

m

m

m

m m

mm

m

AI k BK k
g k

A I k B K k
g B
g A
g

AI k B K k
A CK kK kA

B I k

ρ ρ ρ ρ
ρ ρ

ρ ρ ρ ρ
ρ

ρ
ρ ρ

ρ ρ
ρρ

ρ

′+ <
′⇒ =  ′ ′ ′+ >

= ⇒ =
′→ ∞ ⇒ =

′=
′ ′ ′⇒ =

′=′
⇒ = ⇒

′ ′ ′ ( )

( ) ( ),
( , , )

( ) ( ),

( ) ( )                              (14)

m

m m
m

m m

m m

B CI k

CK k I k
g k

CI k K k

CI k K k

ρ

ρ ρ ρ ρ
ρ ρ

ρ ρ ρ ρ

ρ ρ< >


 ′=

′ ′<
′⇒ =  ′ ′>

=

Solutions for modified Bessel functions. See (3.98)-(3.101) in Jackson. 
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3.11 Expansion of Green Functions in Cylindrical Coordinates (continued)

4

     (iv) To obtain the coefficient  in ( , , ) ( ) ( ),
            mutiply (3.141) by  and integrate form  to  ( 0)

      

( ) ( ) ( ) ([

m m m

m m m m

m mdg dg
d d

C g k CI k K k

Ck I k K k K k I
ρ ε ρ ε

π
ρρ ρ

ρ ρ ρ ρ
ρ ρ ε ρ ε ε

ρ ρ ρ

< >

′ ′+ − ′

′ =
′ ′− + →

− = −

′ ′ ′ ′ ′⇒ − 4

41

)

          Use the relation: ( ) ( ) ( ) ( ) 1/             (3.147)
4 ( , , ) 4 ( ) ( )

     Substituting the above expression for ( , , ) into (3.140

]

( )
m m m m

m m m

m

k

k

I x K x I x K x x
Ck C g k I k K k

g k

π

π

ρ

ρρ

ρ

π ρ ρ π ρ ρ

ρ ρ
< >

′

−
′′

′ = −

′ ′− = −

′⇒ = − ⇒ = ⇒ =

′

( ) ( )[ ]

( )[ ]

0

0
( )

( )

1

)
2, cos ( ) ( )

          Since ( , ) ,  we have by the uniqueness theorem

    (3.148)1 2 cos ( ) ( )m m

m

m

m
m

m

i

i

m

k

G k z z I k K k

G

z z I k K k

dke

edk ϕ ϕ

ϕ ϕ

ρ

ρ ρ

ρπ

π
∞ ∞

∞

< >
=−∞

∞
< >

=−∞

′∑

′

−

−∑

− ′

′ ′⇒ = −

′

′= −
′−

=

∫

∫

x x

x

x

x

x

x x
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3.12 Eigenfunction Expansion for Green Functions
     
     We have obtained the Green function for the Poisson equation by
the method of eigenfunction expansion in 2 dimensions [e.g., (3.118),

Eigenfunction Expansion of Green Function in 3 Dimensions :

in , ]. Here, we develop a general technique to obtain the Green
function by eigenfunction expansion in 3 dimensions. Consider the
Green function for a more general equation (with homogeneous b.c.):
  

θ ϕ

( ) ( )
( ) ( )

2

2

        , 4                                (3.156s)

     We shall solve (3.156s) by expanding ,  and  in
eigenfunctions of a related problem formulated as follows. 

     
          

G

G

πδ

δ

ψ

′ ′∇ = − −

′ ′−

∇

x x x x

x x x x

( ) ( ) 0                                         (3.153s)
with the same boundary surface and homogeneous b.c. as for (3.156s).

λψ+ =x x

an eigenvalue to be determined by the b.c.
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3.12 Eigenfunction Expansion for Green Functions (continued)

( ) ( )2

2

3

Assume the eigenfunctions and eigenvalues are  and , respectively. 
                   0.
Since the operator [ ] is Hermitian, we have

     ( ) ( )     
and  form a complete

n n

n n n

m n mn

n

v d x

ψ λ
ψ λ ψ

ψ ψ δ
ψ

∗

∇ + =
∇

=∫

x x

x x

( )2

 set with  eigenvalue  [see Apendix A].
     Write     ( , ) ( ) ( )                                      (3.157)

Substituting (3.157) and ( ) ( ) ( ) [see (2.35)] into

,

n

n n
n

n n
n

real
G a

G

λ
ψ

δ ψ ψ∗

∑

∑

′ ′=

′ ′− =

′∇ = −

x x x x

x x x x

x x ( )
2

2

4 , we obtain 
    ( ) ( ) 4 ( ) ( )

     Since ( ) ( ),  we have
     ( )( ) ( ) 4 ( ) ( )

( ) ( ) ( )( ) 4 ( , ) 4            (3.160s)

n n n n
n n

n n n

n n n n n
n n

n
n

n n n
n n

a

a

a G

πδ
ψ π ψ ψ

ψ λ ψ
λ ψ π ψ ψ

ψ ψ ψπ πλ λ

∗

∗

∑ ∑

∑ ∑

∗ ∗
∑

′−
′ ′∇ = −

∇ = −

′ ′− = −

′ ′′ ′⇒ = ⇒ =

x x
x x x x

x x
x x x x

x x xx x x
59

The element in the i-th row and j-th column 
is equal to the complex conjugate of the 
element in the j-th row and i-th column.



a
b

c

x

y

z

( ) ( )

( )

2

     We now specialize to the Green function for the Poisson equation 
i.e., (3.156s).

: Green

 

1  function for a rectangular box 
             , 4  

0 and
             with , 0 at 

Example
G

x
G

 
πδ′ ′∇ = − −

=
′ =

x x x x

x x

2 2 2

2 2

2 2 2
2 2 2

1 1 1

0 and 
0 and 

   Consider the corresponding eigenvalue problem [(3.153s) 
with ]: ( ) ( ) 0 with the same b.c. 

    Let (

:

) ( ) ( ) ( )

 

l mk k

d X d Y d Z
X Y Zdx dy dz

a

X

Sol

y b
z c

k k

x Y y Z z

λ ψ ψ

ψ

− −

 =
=

→ ∇ + =

= ⇒ + +

x x

x




2

2

2 2 2 2

0 

    with 
( )
( )
( )

n

l m n

l l

m m

n n

kik x ik x
ik y ik y
ik z ik z

k

k k k k
X x Ae Be
Y x Be Ce
Z x De Ee

−−

−

−

+ =


⇒ = + +



=
=
=

+
+
+



3.12 Eigenfunction Expansion for Green Functions (continued)
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3.12 Eigenfunction Expansion for Green Functions (continued)

( )2 2 2
2 2 2

2 2 2

8

sin ,( ) 0 at 0 and 

      b.c. ( ) 0 at 0 and  and sin ,
sin ,( ) 0 at 0 and 

           

     ( ) sin si

l

m

n

lmn

l xl
aa

m ym
b b

n zn
cc

l m n
a b c

l x
aabc

XkX x x a

Y x y b k Y
ZZ x z c k

k k

ππ

ππ

ππ

π

π

ψ

 = == =
 = = ⇒ = =  

   == = =  

⇒ = =

⇒ =

+ +

x

2 2 2
2 2 2, , 1

n sin
( ) ( )

Substituting ( ) into (3.160): ( , ) 4 , we obtain

    ( , )

32      (3.167)
sin sin sin sin sin sin

j j

j j

m y n z
cb

l m n

m y m yl x l x n z n z
a a c cb b

l m n
a b c

G

G

abc

π π

π ππ π π π

ψ ψ
ψ π

λ

π

∗

∞

∑

∑
=

′′ ′

′
′ =

′

=
+ +

x x
x x x

x x
2

, ,
; j lmn

j l m n
kλ∑ ∑→ →
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( ) ( ) ( )2

2 2

 Green function for infinite space
   , 4  with , 0 as 
  Consider the corresponding eigenvalue problem 
   ( ) ( ) 0   in infinite space
The solution is

        

2:

 

: 

E
G

xample 

Sol
G

k

πδ

ψ ψ

ψ

′ ′ ′∇ = − − = → ∞

∇ + =

k

x x x x x x x

x x

( ) ( )

( )

3 2 3 2

3 22

1 1( )  (3.162)
2 2

where 

    Since the region of interest is infinite space, we have continuous 
engenvalue  and the factor 1/ 2  gives the normalization
condi

x y zi

x x y y z z

ik x ik y ik ze e

k k k

k

π π

π

⋅ + +
= =

= + +

k xx

k e e e

( )3
tion for ( ) :  

   ( ) ( )                                      (3.163)
     [see p.69 for a one dimensional example.]

d x

ψ

ψ ψ δ∗
′ ′= −∫

k

k k

x

x x k k

3.12 Eigenfunction Expansion for Green Functions (continued)
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3.12 Eigenfunction Expansion for Green Functions (continued)

3

2
3 2

( )
3

2 2

( ) ( )    So the series expansion: ( , ) 4  [(3.160)]
becomes

( ) ( )        ( , ) 4

1     With , 0,  and , we have
(2 )

1  ( , )
2

     Sin

n n
n n

i

i

G

G d k

k e

eG d k
k

ψ ψπ
λ λ

ψ ψπ
λ λ

λ λ ψ
π

π

∗

∗

⋅

′⋅ −

∑
′

′ =
−

′
′ =

−

= = =

′ =

∫

∫

k k

k

k x
k k

k x x

x xx x

x xx x

x x

( )
3

2 2

1

1

c

)

e ( , ) ,  we get another mathematical expression 

for  by the uniquess theor

2

em

 1 1      (3.164
ie

G

d k
kπ

′⋅ −

− ′

− ′

=

′

′

=

− ∫
k x x

x x

x x

x

x

x

x
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3.12 Eigenfunction Expansion for Green Functions (continued)

     

                   To show the usefulness of the 3-dimensional Green function just
obtained, we consider an inhomogeneo

Solution of Inhomogeneous Differential Equation by the Green
Function Method : 

[ ]2
us differential equation:

                    ( ) ( ) ( ) 4 ( )                       (15)
wth homogeneous b.c. In (15), ( ) is a distributed source. We have
shown that the solution for the same

u f u S
S

λ π∇ + + = −x x x x
x

( ) [ ] ( ) ( )2

2

 equation with a point source:
        , ( ) , 4              (3.156)
is                 ( , ) 4 ( ) ( ) /( ),                  (3.160)

where ( ) is the eigenfunction of 
n n n

n
n

G f G
G

λ πδ
π ψ ψ λ λ

ψ

∗∑

′ ′ ′∇ + + = − −
′ ′= −

∇

x x x x x x x
x x x x

x [ ]
3

2

( ) ( ) ( ) 0.
     Then, the solution of (15) is  ( ) ( , ) ( ) ,     (16)
which can be verified if we operate both sides with ( )  and
apply (3.156) to the RHS.
 : If , 

n n n

n

v

f
u G S d x

f

    Note

ψ λ ψ

λ

λ λ

+ + =

′ ′ ′=
∇ + +

=

∫

x x x
x x x x

x

3there is no solution unless ( ) ( ) 0.nv u S d x∗ =∫ x x
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Homework of Chap. 3
( )Two concentric spheres have radii ,   and each is divided into two hemispheres by the same horizontal plane. The upper hemisphere 

of the inner sphere and the lower hemisphere of the ou
a b b a>

Problem 3.1

ter sphere are maintained at potential . The other hemispheres are at zero potential. 
     Determine the potential in the region  as a series in Legendre polynomials. Include terms at least up t

V
a r b≤ ≤ o 4. Check your solution

 against known results in the limiting cases , and 0.
l

b a
=

→ ∞ →

2A spherical surface of radius  has charge uniformly distributed over its surface with a density / 4 , except for a spherical cap at the north
pole, defined by the cone .
(a)Show that th

 
R Q R

θ
π

α=

Problem 3.2

( ) ( ) ( )

( )

1 1 1
0

1

0

e potential inside the spherical surface can be expressed as

     where, for 0, (cos ) 1. What is the potential outside?
b Find the ma

1           cos cos cos
8 2 1

l

l

l l ll
l

Q rP P
l

l P

P
R

α α θ
π

α
ε

∞

+ +
=

−

− Φ = − +
= = −

∑

( ) ( ) ( ) ( ) ( )
gnitude and the direction of the electric field at the origin.

c Discuss the limiting forms of the potential part a  and electric field part b  as the spherical cap becomes 1  very small, and 2  so large 
     that the area with charge on it becomes a very small cap at the south pole.

A thin, flat, conducting, circular disc of radius  is located in the  plane with its center at the origin, and is maintained at a fixed potential .
With the information that the charge 

R x y V−
Problem 3.3

( ) ( )

2 2 -1/2density on a disc at fixed potential is proportional to ( - ) , where is the distance out from

 

   the center
of the disc,
(a)show that for  the p

12        

oten

 

tial 

            ,

is

,
2

lVr

R

r R

R
r l

ρ ρ

θ φ
π

−
Φ =

>

+
( )

( )
( )

2

2
0

ond the potential for .
c What is the capacitance of the disc?

cos
1

b f

l

l
l

r R

R P
r

θ
∞

=

 
 
 

<

∑



Homework of Chap. 3
( )
Two point charges  and  are located on the  axis at  and , respectively.
a Find the electrostatic potential as an expansion in sphereical harmonics and powers of  for both  an

q q z z a z a
r r a

− = + = −
>

Problem 3.6

( )

( )

d .
b Keeping the product /2 constant, take the limit of 0 and find the potential for 0. This is by definition 

     a dipole along the  axis and its potential.
c Suppose now that the dipole of

r a
qa p a r

z

<
= → ≠

 part b is surrounded by a  spherical shell of radius  concentric with the origin. 
     By linear superposition find the potential everywhere inside the shell.

grounded b

Three point charges ( , 2 , ) are located in a straight line with separation  and with the middle charge ( 2 ) 
at the origin of a grounded conducting spherical shell of radius , as indica

q q q a q
b

− −
Problem 3.7

2

ted in the sketch.
(a)Write down the potential of the three charges in the absence of the grounded sphere. Find the limiting form of 
     the potential as 0, but the product  remains finite. Wria qa Q→ = te this latter answer in spherical coordinates.
(b)The presence of the grounded sphere of radius  alters the potential for . The added potential can be viewed as caused by 
    the surface-charge de

b r b<
nsity induced on the inner surface at  or by image charges located at . Use linear superposition to 

    satisfy the boundary conditions and find the potential everywhere inside the sphere for 
r b r b

r
= >

<

( ) ( )
5

23 5
0

 and . Show th

2

at in the limit

            

 

      ,

0

 1 c

,

, os

a

Q rr P
r b

r a a

θ ϕ θ
πε

 
Φ → −  



>



→

A hollow right circular cylinder of radius  has its axis coincident with the  axis and its ends at 0 and . The potential 
on the end  is zero, while the potential on the cylindri

b z z z L
faces

= =
Problem 3.9

cal surface is given as ( , ). Using the appropriate separation of 
variables in cylindrical coordinates, find a series solution for the potential anywhere inside the cylinder.

V zφ



Homework of Chap. 3
The Dirichlet Green function for the unbounded space between the planes at 0 and  allows discussion of 
a point charge or a distribution of charge between parallel conducting planes he

z z L= =
Problem 3.17

( )

( ) ( )

1

4      

e

ld at zero potential.
a Using cylindrical coordinates show that one form of the Green function is

(b)Show that an a t

, sin i

l

s nim
m m

n m

n z n z n nG x x e I K
L L L L L

ϕ ϕ π π π πρ ρ
∞ ∞ ′−

< >
= =−∞

′       ′ =        
       

∑ ∑

( ) ( ) ( ) ( )
( ) ( )

( )0

s
r s

in sinh
 

t

    

na ive form of the Green functi n

 , 2
sin

o  i

h
im

m m
m

kz k L z
G x x dke J k J k

kL
ϕ ϕ ρ ρ

∞ ∞ ′ < >−

=−∞

 − ′ ′= ∑ ∫

(a)From the results of Problem 3.17 or from first principles show that the potential at a point charge  between two infinite parallel 
    conducting planes geld at zero potential can be w

q
Problem 3.20

( ) 0
0

0 1

0

ritten as

    where the planes are at 0 and  and the charge is one the  axis at the point .
(b)Calculate the induced surface-charge

       , sin sin
n

n

z z L z

n z
L

z
L

z

q z nz K
L L

π π πρρ
πε

∞

= 
=

     Φ =    

=

     
=

∑

( ) ( )

0

0
02

1
       1 si

.

 densities ( ) and ( ) on the lower and upper plates. The result for ( ) is

     Discuss the connection of this expression with that of Problem 3

nn
L

n

L L

n zq nn K
L LL

π πρ

σ ρ σ ρ σ

σ ρ

ρ
∞

=

   = −      
∑

( )
19b and 3.19c.

 From the answer in part b, calculate the total charge  on the plate at . By summing the Fourier series or by other means 
      of comparison, check your answer against the known e
c LQ z L=

xpression of Problem 1.13.



Homework of Chap. 3

The geometry of a two-dimensional potential problem is defined in polar coordinates by the surfaces 0,  , and , 
as indicated in the sketch.
Using separation of variables in polar co

aφ φ β ρ= = =
Problem 3.22

( )
21

ordinates, show that the Green function can be written as

Problem 2.25 may be of use.

4 1      , , , sin sin

m
m

m m
m

m mG
m

π
π β

β
π π

β β

ρ πϕ πϕρ ϕ ρ ϕ ρ
β β

ρ ρ

∞
>

<
=

>

 
  ′   ′ ′  = −    
     
 
 

∑



Appendix A. Eigenvalue Problem
(Ref. Mathews and Walker “Math. Meth. in Phys.” 2nd Ed., Ch. 9)

1 2 1 2

1  2

( )

     
    (i) Linear differential operator:  is a linear differential operator if
                      
         ( and : arbitrary functio

L a b a b
L

L Lu u u u
u u

=+ +

A Note on Terminology and Definitions :

0

ns;  and :  arbitrary constants.)
         Examples: ,  
     (ii) Linear D.E.:  A D.E. is linear if it can be put in the form 

                               ( ) ( )

   

( ) ( )

n
n

N
n

n

n
n

d
dx

d d
dx dx

d
dx

a b

f x g x

p x q x

u
=
∑ =

−

       i.e. The dependent variable  in all terms is of the first degree or 
                zero degree. 
   (iii) Homogeneous linear D.E.: The above equation with ( ) 0,  i.e.
          all terms are o

u

g x =
f the first degree in dependent variable .

         If  satisfies the D. E., so does .
u
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(iv) Homogeneous b.c.: If  satisfies the b.c., so does 
(v)  Homogeneous linear boundary-value problem: a problem 
       governed by a homog. linear D.E with homog. b.c.'s.
     If  satisfies the

. au u

u⇒  D.E. and b.c's, so does 
     Any linear combination of  ( ) is also a 
           solution. 
      : A problem can be inhomogeneous because either the
                b.c. or the D.E. 

.

n
n n n

a
f

Note

a
u

u u∑⇒ =

is inhomogeneous (see M&W, p. 218.)

Appendix A. Eigenvalue Problem (continued)
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Appendix A. Eigenvalue Problem (continued)

Formulation of an Eigenvalue Problem:

An eigenvalue problem involving the differential operator*
consists of

  a linear homog. D.E. of the form homog. b.c.'s of the form+
 

   ( ) ( ) ( ),  

     :  linear differential operator  
     :  eigenvlue
     :  eigenfunction

( ) :  density function, a given
           function of real value 

Lu x x u x a x b

L

u
x

λρ

λ

ρ

= ≤ ≤     ( ) 0 & ( ) 0

or ( ) 0 & ( ) 0

or ( ) ( ) & ( ) ( )

or ( ) & ( ) are finite

u a u b

u a u b

u a u b u a u b

u a u b

= =

′ ′= =

′ ′= =

*There are also eigenvalue problems which involve the matrix or 
integral operator.
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1 2 2 1

1 2

      
     An operator  is a Hermitian if 

( ) ( ) ( ) ( ) ,                        (A.1)

where  and  are arbitrary functions obeying the hom

b b
a a

L

u x Lu x dx u x Lu x dx

u u

∗∗ ∗ =  ∫ ∫

Definition of Hermitian Operator :

2
21 2 1 2

2
2

og. b.c.'s. 

: 

( ) ( )
b

a
b
a

d d
dxdx

d
dx

     Example 1 L

u x u x dx u u∗ ∗

=

=∫ 1 2

1
2

b

a

b
a

du du
dx dx

du
dx

dx

u

∗

∗

−

= −

∫

2
2

2
2

2 1

2 1

b
a

b
a

d
dx

d
dx

u u dx

u u dx

∗

∗
∗

+

 =
 

∫

∫

Appendix A. Eigenvalue Problem (continued)

integration by parts
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( )1 2 1 2 1 2

1 2

Sturm-Liouville : ( ) ( )  differential operator

     

      

    

b b b
a a a

b

a

d d
dx dx

d d
dx dx

d
dx

     Example 2 L p x q x

u Lu dx u p u dx qu u dx

u p u

∗ ∗ ∗

∗

 = −   

∫ ∫ ∫= −

= 2 1
1 2

2 1    =

b b
a a

b

a

du du
dx dx

d
dx

p dx qu u dx

u p u

∗ ∗

∗

∫ ∫− −

− ( )

( )

2 1 1 2

2 1 2 1    =

b b

b b

a a

a a

d d
dx dx

d d
dx dx

u p u dx qu u dx

u p u dx qu u d

∗ ∗

∗∗ ∗ 
 

∫ ∫

∫ ∫

+ −

−

Appendix A. Eigenvalue Problem (continued)

real function of x
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Appendix A. Eigenvalue Problem (continued)

 is Hermitian 's

 

 are real and 's are orthogonal
     
1.    
    :  Let ,  be eigenfunctions belonging to eigenvalues 

              

i j

n nL
proof u u

uλ⇒
Properties of Eienvalue Problem with Hermitian Operator :

( )

   , , respectively, i.e. 

            
     Using the Hermitian property of 

LHS

i i i
i j

j j j

i i i j i i j i

i j j i j j i j

i j i

b b
a a

b b b
a a a

Lu u
Lu u

Lu u u Lu dx u u dx
L

u Lu dx u u dx u u dx

u u

λ ρ
λ λ

λ ρ

λ ρ λ ρ

λ ρ λ ρ

λ λ

∗ ∗

∗ ∗∗ ∗ ∗ ∗

∗

=
 =

= ⇒ =∫ ∫

   = = =∫ ∫ ∫   

⇒ − 0

0 & 0  &   are real. 
 (A.2)

0  &   are orthogonal. 

j

i i j j i j

i j i j

b
a

b
a

dx

i j

i j u u dx u u

ρ

λ λ λ λ λ λ

ρ

∗

∗ ∗

∗

=∫

 = ⇒ − = − = ⇒⇒ 
≠ ⇒ = ⇒ ∫
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Appendix A. Eigenvalue Problem (continued)

2. The eigenvalue problem is a linear and homogeneous boundary-
    value problem. So, if  is also a solution. 
3. If the differential operator of the eigenvalue problem is Her

's are solutions, 
n

n nn a uu ∑

mitian, 
    The eigenfunctions 
    ny function can be expaned in terms of 
    eigenfunctions powerful building blocks of physica

 form a complete set (see quotations below).
Hence, a . This makes
the 

n

n

u
u

l quantities.
    Chapter 3 demonstrates how some electrostatic problems can be 
    solved by the method of eigenfunction expansions.
   "The eigenfunctions of a Hermitian operator form a complete set 
    under very general conditions. We shall not prove this property 
    here but it is in fact true for all the commonly encountered 
    differential equations in physics." (M&W, p.265).
   "All orthonormal sets of functions normally occurring in mathe-
    matical physics have been proved to be complete." (Jackson, p.68)
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Appendix A. Eigenvalue Problem (continued)

2
2 2 , (0) 0 and ( ) 0 

     

     :  b.c. (Jackson, p. 70) 

         ( )
(0) 0 ( ) ( ) sin    
( ) 0 ,    1,2,

i i

i i

n

X X X X

x x

x xX X
nX a

adExample 1 dx
X x Ae Be

B A x A e e A x
a n

α α

α α

π

α

α
α α

−

−

= == −

⇒ = +
′= ⇒ = − ⇒ = − =

= ⇒ = = =

Examples of Eigenvalue Problem : 

      eigenvalues
                     ( ) sin                sum of eigenfunctions  
          This simple example illustrates the following general properties of
 an eigenvalue problem: 
   

n n
n

X Ax xα∑





⇒ =


2 2

2 2

  a. Eigenvalues ( / ) are determined by the b.c.
     b. The operator ( / ) is Hermitian  Eigenvalues are real.
     c. The operator ( / ) is Hermitian  Eigenfunctions (sin ) 
         are o

n

n

d dx
d dx

n a

x

α π

α

=
⇒
⇒

rthogonal to each other and they form a complete set.  
     d. The D.E. & b.c. are both homogeneous. Eigenfunctions are 
         only determined up to an arbitrary multiplicative factor .nA

⇒
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Appendix A. Eigenvalue Problem (continued)

( ) ( )2 ( 1) finite
(1) fini

     : Eigenvalue problem involving the Legendre equation 
                        (Jackson Sec. 3.2 and 3.4, M&W Sec. 7.1)  

      1 1 0 ,  1 1,  b.c. 
 

Example 2

d dux xdx dx
uu uν ν − =

=
 − + + = − ≤ ≤  {



1

te

Hermitian operator
     This is an eigenvalue problem of the form:     

   ( ) ( ) ( ) ( ) ( )

     It is clear (or ) is the eigenvalue*. As shown in Sec. 3.2, the 
solution is

d d
dx dxp x q x u x x u x

l

λ ρ

ν

 − = 



         ( ) ( ) with 0,  1,  2,
*Strictly speaking, ( 1) is the eigenvalue. But we shall loosely 
 call  an eigenvalue. (see M&W, p.262). 

lu x P x lν
ν ν

ν

= = =

− +



1−x2 0 ( 1),  eigenvalueν ν− +
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Appendix A. Eigenvalue Problem (continued)

     Since the operator is Hermitian,  the eigenfunctions are orthogonal

[see (A.2)]:        ( ) ( ) ( ) 0,     if 

     Thus, ( ) is orthogonal in index  and, with the density function
( )

i j

l

b
a u x u x x dx i j

P x l
x

ρ

ρ

∗ = ≠∫

1
1

2
2 1

2
2 1

1, we have   

                   ( ) ( ) ,                                    (3.21)

where the factor  is due to the fact that ( ) is not normalized.

     Also, the eigenfunctio

l l l l

l

l

l

P x P x dx

P x

δ′ ′− +

+

=

=∫

ns of a Hermitian operator form a complete
set. Hence, ( ) is complete in index  in the sense any function 

( ) can be expanded as

                        ( ) ( )                                

l

l l

P x
f x

f x A P x=



0
              (3.23)

l

∞

=
∑
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( )2 2
2

( 1) finite
(1) fini1

     : Eigenvalue problem involving the associated Legendre 
                        equation (Jackson Sec. 3.5, M&W Sec. 7.1)

 1 1 0 ,  1 1,     [ ]( ) m
x

Example 3

dd xdx dx
uu x u

u ν ν − =
=−

− + + − = − ≤ ≤ { te
     A question may arise as to whether  or  is the eigenvalue. This 
can be resolved in the context of a physics problem: the Laplace 
equation in Sec. 3.1. There we have obtained the associated Le

mν

2 2
2
 

gendre
equation above, with  being the eigenvalue for a different equation:

                              ( ) ( ) 0    [(3.4)]

and, for ( ) to be singled valued,  must be an integer. 
     Th

d
d

m

Q m Q

Q m
ϕ

ϕ ϕ

ϕ

+ =

us, for the associated Legendre equation we have here,  is the
eigenvalue while  is a fixed integer. As shown in Sec. 3.5 (p. 107), 
for  to be finite at 1, the solution is

( ) ( )             m
l

m
u x

x P xu

ν

= ±

= ,  with +1, +2,l m m mν = = 

Appendix A. Eigenvalue Problem (continued)
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

1
Hermitian operator

     Put the equation in the eigenvalue problem format, we have

     ( ) ( ) ( ) ( ) ( )      

    
         
     Since the operator is Hermitian,  ( ) is orth

[ ]

m
l

d dp x q x x x xdx dx

P x

u uλ ρ− =


1
1

( )!2
2 1 ( )!

ogonal in index  
and, with the density function ( ) 1,  we have   

            ( ) ( )                                 (3.52)

     Also, because of the Hermitian proper

m m
l l ll

l m
l l m

x

P x P x dx

ρ

δ− ′ ′
+

+ −

=

=∫



[ ]see also M&W, p.175.

ty of the operator, ( ) 
is complete in index  in the sense any function  ( ) can be 
expanded as

             ( ) ( )                  (A.3)

m
l

m
l l

l m

P x
f x

f x C P x
∞

=
∑=



Appendix A. Eigenvalue Problem (continued)

2 2/(1 )m x−21 x− ( 1),  eigenvalueν ν− +
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22
2

2
2

(0) finite1
(

     : Eigenvalue problem involving the Bessel equation 
                        (Jackson Secs. 3.7 and 3.8; M&W Sec. 7.2)     

         0 ,  0  ,  b.c.  ( )
x

d u du
x dxdx

Example 4

u a uk uxν =+ + − = ≤ ≤ {
22

) 0 

     This equation can be written: 0         (A.4)

     In the context of the physics problem in Sec. 3.7,  is fixed by 
(3.74). Hence,  is the eigenvalue and we have the solu

( )
a

dd
dx dxx k x

k

u x uν

ν

=

+ − =



Hermitian operator

tion:
( ) ( ),  0,  1,  2,   [ :  -th root of ( ) 0]

      Write (A.4) as  ( ) ( ) ( ) ( ) ( ) 0,  we get

          

 Orthogonalily: ( ) (

      

[ ]

n n n

n n

d d
dx dx

x J k x n k n J k a

p x q

J k x J k x

x x x x

u

x
u u

ν ν ν ν ν

ν ν ν ν

λ ρ

′

= = =

− = =





0
2 2

1

1

2) [ ( )]   (3.95)

 Completeness:  ( ) ( )

n n n

n n
n

a axdx J k a

f x C J k x

ν ν

ν ν

δ ′+
∞

=
∑

=

=

∫

Appendix A. Eigenvalue Problem (continued)

2 / xνx 2,  eigenvaluek−

(density function)

density function, see (A.2)
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